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ON THE INEQUALITIES OF SANDOR MEAN 

BARKAT ALI BHAYO 


Abstract. In this paper author establishes the two sided inequalities for the fol¬ 
lowing Sandor means 

X = X{a, b) = Y = Y(a, b) = 

and other related means. 
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1. Introduction 


The study of the inequalities involving the classical means such as arithmetic mean 
A, geometric mean G, identric mean I and logarithmic mean L has been of the 
extensive interest for several authors, e.g., see [DElIHlIinillHlEolEHlEniEolEH]. 

For two positive real numbers a and b, the Sandor mean X{a, b) (see [21]) is defined 
by 

X = X{a,b) = Ae^^^-\ 

where A = A{a, b) = (a + 6)/2, G = G(a, b) = \/a6, and 

P = P{a,b) = - ^ fa-b\ ' “ ^ 

2 arcsin (-- ] 

\a + bj 


are the arithmetic mean, geometric mean, and Seiffert mean 1371 , respectively. 

Recently, Sandor 1271 introduced a new mean Y (a, b) for two positive real a and b, 
which is defined by 

Y = Y{a,b) = 

where 

L = L{a,b) = - —^ a^b 
log(a) - log(|/) 

is a logarithmic mean. For two positive real numbers a and b, the identric mean and 
harmonic mean are defined by 


/ = I{a,b) 


1 

e 



l/{a-b) 

5 


a^b, 
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and 


H = H{a,b) = 2ab/(a + b), 


respectively. For the historical background and the generalization of these means we 
refer the reader to see, e.g, laiHlIISlliniEniEslEHlESlEolEIlEaEH]. Connections 
of these means with the trigonometric or hyperbolic inequalities can be found in 

[IIESIETIEO]. 

For p G M and a,b > with a ^ b, the pth power mean Mp{a, b) and pth power-type 
Heronian mean i/p(a,b) are dehne by 



Mp = Mp{a, b) 


and 



p ^ 0, 
p = 0, 


respectively. 

In [27], Sandor proved inequalities of X and Y means in terms of other classical 
means, as well as their relations with each other as follows. 

1.1. Theorem. For a,b > 0 with a ^b, one has 




In [I], author and Sandor gave a series expansion of X and T, and proved the 
following inequalities. 

1.2. Theorem. For a,b > 0 with a ^b, one has 


(1) 1{G + H)<Y <\{G + H), 

(2) G^I <IY <IG< L2, 


I'q'l G-Y , Y+G ^ 3G+H , 1 
A-L ^ 2A ^ 4A ^ 


G-Y ^ Y+G ^ 3G+ir ^ 1 
A-L ^ 2A ^ 4A ^ 



(5)2(l-4)<log(^)<(£)^ 


3 
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In [H], Chu et al. proved that the following double inequality 
(1.3) Mp < X < Mq 

holds for all a, 6 > 0 with a ii and only if p < 1/3 and q > log(2)/(l + log(2)) 
0.4093. 

Recently, Zhou et al. BDl proved that for all a,& > 0 with a b, the following 
double inequality 

H^<X <H0 

holds if and only if a < 1/2 and (3 > log(3)/(l + log(2)) 0.6488. 

Making contribution to the topic, in this paper author rehnes some previous results 
appeared in mEZ] by giving the following theorems. 

1.4. Theorem. For a, 6 > 0, we have 

(1.5) aG+{l-a)A<X < PG + {1- 

with best possible constants a = 2/3 ~ 0.6667 and /5 = (e — l)/e ~ 0.6321, 
and 


(1.6) A + G-aiP <X <A + G-PiP, 

with best possible constants Oi = 1 and (3i = 7r(e — l)/(2e) ~ 0.9929. 

1.7. Theorem. For a,b > 0, we have 

aV^ <Y < \/^, 


where a ~ 0.9756. 


1.8. Theorem. For 
(1.9) 


a, 5 > 0, we have 

f2 + G/Ay 

\2 + A/g) 



< 


f2 + G/Ay 
\2 + A/g) ’ 


( 1 . 10 ) 


G ^ ( 2 ^ 

T ^\1 + A/G) ^ 


fl + G/AV^'^ P 

[—) "A 


1.11. Theorem. We have 

{Axy/^^ <P< 


with best possible constants 02 = 2 and (32 = log(vr/2)/log(2e/7r) 0.8234. 

The hrst inequality in fll.Op was proved by Sandor (see m Theorem 2.10]). The 
left side of fll.5p is less that the left side of fll.Op . which follows from the inequality 

(see [31]). Inequalities in fll.lOp rehne the inequalities in [271 Theorem 2.1]. 

This paper is organized as follow: In Section 1, we give the introduction and state 
the main result. In Section 2, some connections of well-known trigonometric and 
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hyperbolic inequalities with the inequalities of classical means are given. Section 3 
deals with the lemmas which will be used in the proof of the theorems. Section 4 
consists of the proofs of the theorems. 


2. Connection with trigonometric functions 
For easy reference we recall the following lemma from mu- 
2.1. Lemma. For a > b > 0, x G (0,7r/2) and y > 0, one has 
P 


( 2 , 2 ) 




(2,3) 


(2,4) 


L 

G 


sinh(i/) L tanh(|/) H 


Y 


y 


log 


A 

= 1 - 1 ’ 


log 


cosh(i/)’ G 
Y 


_ _ gtanh(j/)/y-l 


GJ L ’ "\G 

2.5. Remark. Recently, the following inequality 

(2 „(x/tanti(x)-i)/:^ ^ sinh(x 


g(x/tanh(x)-l)/2 ^ 


X 


L 

= 1 - 1 - 


X > 0, 


appeared in [6], Theorem 1.6], which is equivalent to 


sinh(x) 


> e 


x/ tanh(a:)—1 


X 


X 


By Lemma 12.11 this can be written as 


L I G 

G^ G'l 


sinh(x) 

/ 

V 


or 

(2.7) L > y/lG. 

The inequality fl2.7p was proved by Alzer [2]. For the convenience of the reader, we 
write that inequality fl2.6p implies the inequality fl2.7p as follows: 


( 2 . 8 ) 


g(x/tanh(x)-l)/2 ^ SuT^^ ^ ^ 


L > y/lG. 


X 


The Adamovic-Mitrinovic inequality and Cusa- Huygens inequality [12] imply the 
double double inequality for Seiffert mean P as follows: 


(2.9) 


{ , .;,/3 sin(x) 2 + cos(x) 
cos(x)^/'i‘ < —— < - ^ A X G (0,7r/2), 

^[Wg 


<P < 


lA + G 
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The following trigonometric inequalities (see El Theorem 1.5]) imply an other 
double inequality for Seiffert mean P, 


( 2 . 10 ) 


exp - 


(VAX <P<A{^) 


2 Vtana: 


sm X / tt 


X 


tan a; 


X e (0,7r/2), 


X\log(7r/2) 


The second mean inequality in fl2.10p was also pointed out by Sandor (see [271 The¬ 
orem 2.12]). 

By observing that A = jH, we conclude that the hyperbolic version of Adamovic- 
Mitrinovic and Cusa-Huygens inequalities (see [H]) imply the inequalities of Leach 
and Sholander (see isami), 


( 2 , 11 ) 


COS. 


h(x)V»<^<2 + °”l‘(^), X>0. 
2i+G =* 


Va^ <l< 


3. Preliminaries and lemmas 

The following result by Biernacki and Krzyz [7] will be used in studying the mono¬ 
tonicity of certain power series. 

3.1. Lemma. For 0 < R < oo. Let A{x) = be 

two real power series converging on the interval {—R,R). If the seguence {a„/cn} 
is increasing (decreasing) and > 0 for all n, then the function A{x)/C{x) is also 
increasing (decreasing) on (0,P). 

For |a:| < tt, the following power series expansions can be found in [T21 1.3.1.4 
(2)-(3)], 


(3,2) 


X cot X = 1 


22n 

(&)! 

n=l ^ ^ 


2n 


(3.3) 

and 

(3.4) 


cot X = 


X 


E 


')2n 


-(2n)! 


BoAx 


2n-l 


1 °° 02n 

i V—V Z I n I 

COthx=--h> ——\B2n\x- 
X 2?7, ! 

1=1 ' ' 


2n-l 


where B^n are the even-indexed Bernoulli numbers (see m p. 231]). We can get the 
following expansions directly from fl3.3p and fl3.4p . 


(3.5) 


sinx 


1 1 2^^ 

= -(cotx)' = — + ^j^^\B 2 n\{ 2 n- l)a;' 


2n—2 


^ (2n)! 

1=1 ^ ^ 


















6 


B.A BHAYO 


(3,6) 


(sinha;)^ 

For the following expansion formula 
(3.7) 


1 °° 2^”' 

= -(cotha;)' = ^ - ~ l)l^ 2 nk 


2n-2 


^ (2n)! 
1=1 ^ ' 


- = i+E' 


2n 


sinx 


- {2n)\ 


BnJx 


2n 


see [H]. 

3.8. Lemma. [3l Theorem 2] For —oo < a < b < oo, let f,g : [a,b] M. be 
continuous on [a, b], and differentiable on (a, b). Let g (x) ^ 0 on (a, b). If f {x)/g (x) 
is increasing (decreasing) on {a,b), then so are 

fix) - fja) , fix) - fjb) 

gix)-gia) g{x)-g{b)' 

If f ix) /g {x) is strictly monotone, then the monotonicity in the conclusion is also 
strict. 

3.9. Lemma. The following function 

h{x) = 


log(x/ sin(x)) 


log(e^ sin(x)/a;) 

is strictly decreasing from (0,7r/2) onto (/32,1), where (32 = log(vr/2)/log(2e/7r) 
0.8234. In particular, for x G (0,7r/2) we have 


ga;/tan(a;) 1 sin(^a;) 


X 


02 


< 


X 


< 


^x/ta.n{x) 


Proof. Let 


h{x) = 


sm{x) 

hi{x) log(a:/ sin(x)) 


X 


h 2 ix) \Qg(^l-x/ts.n{x)a\n{x)/xy 

for X G (0,7r/2). Differentiating with respect to x, we get 

h\{x) 1 — a:/tan(a:) Ai{x) 


h^i^x) {x/ sin(x))^ — 1 
Using the expansion formula we have 

2‘^'^2n 


Bi{xy 


= E = E 


and 


^ (2n) 
1=1 ^ ' 


2^^2n 




2n 


71=1 


Biix) = Xl7hEp'l^2n|(2n- l)a;2" = 


^ (2n)! 

1=1 ^ ^ 


X 


2n 


71=1 


Let Cn = cbn/bn = 1 /{2n — 1), which is the decreasing in n G N. Thus, by Lemma 
I3.1l /?4f.a:i //j-nf.a:i is strictly decreasing in a; G (0,7r/2). In turn, this implies by Lemma 
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13.81 that h{x) is strictly decreasing in x G (0,7r/2). Applying THopital rnle, we get 
\\m.x^Qh{x) = 1 and \mix^T,/ 2 h{x) = (32- This completes the proof. □ 


3.10. Lemma. The following function 


f{x) 


1 - 


^x/ tan(a;)—1 

— cos(a:) 


is strictly decreasing from (0,7r/2) onto ((e — l)/e, 2/3) where (e — l)/e ~ 0.6321. In 
particular, for x G (0,7r/2), we have 


1 

log(l + (e — 1) cos(x)) 


tan(x) 

< - ^ < 

X 


1 

1 + log((l + 2 cos(x))/3) ‘ 


Proof Write f{x) = fi{x)/f 2 {x), where fi{x) = \ — i and f 2 {x) = 1 —cos(x) 

for all X G (07r/2). Clearly, fi{x) = 0 = f 2 {x). Differentiating with respect to x, we 
get 


f[{x) gAtan(a;) 1 / ^ COs(a:) A 

/^(x) sin(x)^ \sin(a;)^ sin(x) / ^ ^ 


Again 




gx/ tan(ai)—1 

sin(a;)3 


(c(x) - 2), 


where 


/ cos(x) X A 
\sin(a:) sin(x)^/ 


In order to show that /g < 0, it is enongh to prove that 


c{x) > 2, 


which is eqnivalent to 

sin(a;) x + sin(a;) cos(x) 
X 2sin(x) 

Applying the Cnsa-Hnygens ineqnality 


sin(a;) 

X 


< 


cos(x) + 2 
3 


we get 


cos(x) + 2 
3 


< 


X + sin(x) cos(a:) 
2 sin(x) 


which is eqnivalent to (cos(a;) — 1)^ > 0. Thns /g > 0, clearly /{//2 is strictly 
decreasing in a: G (0,7r/2). By Lemma 13^81 we conclnde that the fnnction f(x) is 
strictly decreasing in a: G (0,7r/2). The limiting valnes follows easily. This completes 
the proof of the lemma. □ 
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3.11. Lemma. The following function 


h{x) = 


sin x 


X (cos(x) — + 1) 

is strictly increasing from (0, vr/2) onto (1, c), where c = 2e/{7r{e — 1)) ~ 1.0071. In 
particular, for x G (0,7r/2) we have 


1 + cos(a:) - < 


sm x 


X 


< c(l + cos(x) 


Proof. Differentiating with respect to x we get 




e{x — sin(a:)) (ecos(a;) — (x + sin(x))e^“*‘^'^^ csc(x) + e) 
(ecos(x) — -g e)^ 


Let 


We get 


f^{x) = log ((x + sin(x))e'^“**''^^ csc(x)) — log(ecos(x) + e), 


f4ix) = 


2 — X (cot (x) + X csc^ (x)) 


X + sin(x) 

which is negative by the proof of Lemma 13.101 and hm 3 ;_j.o/ 5 (x) = 0. This implies 
that f^{x) > 0, and / 4 (x) is strictly increasing. The limiting values follows easily. 
This implies the proof. □ 

4. Proofs 


Proof of Theorem 11.41 It follows from Lemma 13.101 that 


e — 1 


< 


\ _ j^^gl-3;/tan(a;) 


2 

< -. 


e cog( 3 ;)/el-x/tan(x) _ 3^/gl-x/tan(x) '3- 

Now we get the proof of fll.Op by utilizing the Lemma 12.11 The proof of fll.Op follows 


easily from Lemmas 12.11 and 13.101 


□ 


Proof of Theorem 11.7L For the proof of the hrst inequality see [H Theorem 7(2)]. 
For the validity of the following inequality 


sinh(x) — cosh(x) 


< log 


cosh(x) 


2xcosh(x) 
see [6], which is equivalent to 

(4.1) ■\/cosh(x) • exptanh(x)/x — 1 < 1. 

By Lemma 12.11 the inequality fl4.ip implies the proof of the second inequality. 


□ 


Proof of Theorem 11.81 Let g{x) = gi{x)/g 2 {x), where 

/2 + 1/cos(x)\ ^ ^ , 


1 
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for all X G (0,7r/2). Differentiating with respect to x we get 
g'lix) 


1 

g 2 {x) 5 + 2 cos(x) +2/ cos(x) 

The fnnction gs^x) is strictly increasing in a: G (0,7r/2), becanse 

, 6 sin(x)^ 

^ (3 + 5 cos(a;) + cos(x)2 — sin(x)2)2 ^ 

Hence g[{x)/g 2 {x) is strictly increasing, and clearly 5 'i( 0 ) = 0 = ( 72 (0). Since the 
fnnction g{x) is stricty increasing by Lemma [3.81 and we get 

2 

lim 5 f(a;) = - < g{x) < 1 = lim g{x). 

3 :—>-0 3 X ^ 7 vl 2 

This implies the proof of fll.Qp . 

Next we consider the proof of 11.101 By Lemma [2.11 the following ineqnality 


l + cos(x)\^^^ sin(a:) /I + cos(a:) 

2 ) ^ a: ^ ( 2 ) 


, Cl = log 2 /(log( 7 r/ 2 )), a;G(0, |), 


implies 

(4.2) 

Similarly, 

gives 

(4.3) 


1 + H/gV'^ P fl + H/Cy^ 


- 




■ 


1 + cosh(x) ^ ^ sinh(a:) ^ ^ 1 + cosh(x) 


X 


X > 0, 


i + g/hV^^ l 


1 + 


G/H \ 




Now the hrst and the third ineqnality in fll.lOp are obvions from fl4.2p and fl4.2p . For 
the proof of the second ineqnality in fll.lOp . it is enongh to prove that 


2 1 + 1/x 

< -z-, X > 1, 


1 + X 2 

which holds trne, becanse it can be simplihed as 

(1 — x)^ > 0. 

This completes the proof of theorem. 

4.4. Corollary. For a,b > 0 with a ^ b, we have 

I L G I 

l^g"^^^h~g' 


□ 





























10 


B.A BHAYO 


Proof. The first inequality is due to Alzer [2], while the second inequality follows 
from the fact that the function 


X i-A 


_ gx/tanh(x) —1 

1 — cosh(a:) 


(0,oo)^(0,l) 


is strictly decreasing. The proof of the monotonicity of the function is the analogue 
to the proof of Lemma 13.101 □ 

Proof of Theorem II. Ill The proof follows easity from Lemma 13.91 □ 


In [36], Seiffert proved that 
(4.5) -A < P, 

71 

for all a,b > 0 with a 7 ^ 0 . As a counterpart of the above result we give the following 
inequalities. 

4.6. Corollary. For a,b > 0 with a ^ b, the following inequalities 

1 TT 

-A < —P <X <P 
e 2e 


holds true. 

Proof. The hrst inequality follows from fl4.5p . For the proof of the second and the 
third inequality we write by Lemma [2. II 

Y ™„3;/tan(a ;)—1 

m = p = ■,, = Mx) 

P sm(a:) 


for X G ( 0 , 7 r/ 2 ). Differentiation gives 

xltan(x)—l / 2 

^- ( 1 -^- 

sin(a;) \ sin(a ;)2 

Hence the function /s is strictly decreasing in x, with 

lim / 5 (x) = 1 and lim / 5 (x) = 'x/{2e) th 0.5779. 

x^ttI2 



This implies the proof. □ 

4.7. Theorem. For a,b > 0 with a ^b, we have 

L < < X < P. 


Proof. For the hrst inequality see [15]. The second and third inequality follows from 
fll.3p and Corollary 14.61 respectively. □ 
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